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Abstract

Harmonic analysis of sunshine duration znd solsr oradiaton measurad ar Sebele, Botswana
is carried out. The data wsed consists of the monthly averages snd the Tulian-days averzges
of sunshive duraton and solar imadiatdon sequences. This smdy invelves spliming the mme
seres inte deterministic and stochastic components, and determinimng the proportion of the
vanance explzined by each componsnt. The stochastic component is anzlyzed for persistance
nsing the Box and Jenkins techwique. It is foumd that the stochastc component for monthly
averages solar radizfion series is best described by the sscond-order muroregressive Markov
process, whule thar for Julian-days averzges series has no memory. © 2002 Elsevier Sciance
Lt Al rights ressrved.

1. Introduction

Sunshine duwration and selar iradiation for any particular location are primarnly
determined by the rotationz] and orbital motions of the sarth Inm the absence of
atmospheric effects both sunshine duration and solar fradiztion for anv location
would be determommistic. This 15 evident from the well-known expressions available
in the Iiterature [1] for the caleulation of the exoaterrestrial radiation, day lengih
and other 1elated parameters of selar tradiance comesponding te amy location on
sarth. However, atmospheric effects and processes such as cloud cover, pollation,
efc. are seasonal as well as stochastic m nature, and they attenuate the sunshine
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duration and selar irradiation. This results in the infroduction of stochasticity to both
sunshme dwaton and solar uradiation for a temestrial locattion Thersfore, zolar
uradiation and 1ts duration for any location on earth may be visualized as consistmg
of a defermmistic component and a stochastie componsnt. In thiz paper sunshine
duration data for 25 years (1976-2000) and solar iradiation data for 17 years (1976—
19927 for Sebels, Botswana (latitude 24734 5; longrude 25°57" E; altiude 994 m)
are amnalyvzed by decomposing them into periodic and stochastic componsnts as
desertbed by Jam and Lungu [2]. The periodic component 13 subjectad to harmeonic
analysiz, and the stochastic componsnt 15 analyzed by using the Autoregressive Inte-
grated Moving Average (ARIMA) medel [3] following the approach used by Lungu
and Sefe [4] for the amalysiz of monthly runoff sequences for nivers in Botswana.
While ARIMA models have been applied to hydrelogical modeling, to our knowl-
edge thess modals have not been used for the amalysis of solar radiation data. A
model 13 ftted to the stochastic component. The analvsis sheds light on the meanure
of the persistence and dependence pattern of the stochastic component. The sizmf-
cance of each component in explaming the vartance of the metsorological sequences
1z identified.

2, Characteristics of zolar radiarion for Sebele

Sebale, 10 km novth-east of the capifal eity Gaborone, 13 the sarlisst site in Bots-
wana where measuraments of solar radiation data were started 1 Septamber'Octobar
1975 by the Department of Agricultural Research, Mmistry of Agricultore, Botswana.
Sabele, with an average of 214 sunny days and 3320 houwrs of sunslune per year [3],
1z a good reprasentatrve of the solar conditions in the southern part of Botswana.
To date Sebels remains the only site for which data for beth daily sunshine duration
and solar mradiation on a hornizontal swfzce are available, although sunshme duration
13 alzo measured bv the Department of Meteorological Services at 14 geographucally
well-distributed synoptic stations throngheut the commty. Sunshme duwation is meas-
wrad using the Campbell-5tokes recorder, and the dailv global irradiation 15 measurad
using a Kipp and Zonnen pyranometer. The pyranometer was calibrated amnuzlly
azamnst a standard precizion pyranometer following the IGY procedure [6] under
clear skies. The daily sunshine duration data available are up-to-date, with only about
2% of data points missing. Selar iradiatien data, on the other hand, are a bit more
seanty due to failwre of the measming mstruments, have about 5% of data pomts
mizsing for the pertod 1975 1o 1992, have been measared for just a few months
duning 1993 to 1994, and have not been measured beyond 1994, Sunshine duratron
and solar nradiztion data are organmized for anzalysiz as follows:

1. “total sertes™, =T, and /I,, — these denote the discrete values of the average
mwonthly and Julan-day measursments, respectively, for ¢+ = 1 to 12 momths and
& = 1 to N vears; and

2. “monthly averages sertes”, =M, and /M, — these dencte the periodic vanables for
menthly averages and Tulian-day averages, respectively, of the measmed values
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over the N wyears of chssrvatiom for r= 1teo 12 months. Thus, M, =
"
(1IN 2 Yo

=

All averages are taken by omitting the mizsing data pomts, which i effect amounts
to replacing the missing data points with the cormresponding averages. Simnce the sun-
shine duration and selar nradiation are dealt with separately to fit a separate modal
to each zeries (mono-variate modeling), 1t 15 not essential fo consider sumshine dur-
afion and solar madiation for identical dwrations, and it 15 alse net impeortant to
mateh the zolar nradiztion and sunzhine duration zeries by omittng correspondmg
datz pomts from both the seres as 15 done m zolar radiation medeling bv authors
such zs Jain and Jam [7], where Angstrom-type relations are used to convelate sun-
shine duration and solar irradiation

The four “monthly averages” M, series are given in Tabkle | and shown graphieally
in Fiz. 1. From the table and figure, the following features concenung solar radiation
in Botswana are evident. Selar iimadiation displays its usual simuseidal pattain, reach-
ing a mmimum durmg the winter seasen (Fune'Tuly) and 2 mamimum durmg the
summer months (December/ January), whersas sunshine duration dees not display
similar behavier. Sunshine duration fluctuates around a mean value of about 50 b
per dav throughout the vear. This can be explained from the cloud cover and rain
patterns m Botswana. The ramny season extends from November to March, and 1t 15
zenerally elondy ' hazy or ramning in the late aftermocn through the night te nud mean-
ing hours. Thiz reduces the sunshine duration during the summer months, thereby

Tabla 1
Monthly averages (M| series) of measured daily sunshine duration apd solar mmadiation for Sebale
Botswana

Moath Sunshime duration (h per day) Solar mradiation (MI/m* per day)

Period: 1976-2000 Period: 1974-1932

=1, serias =0, seres M series
Tamzary 289 2358 1434
Feboary ] 2311 3.0
March 218 045 19.54
April 283 1824 18.75
My 016 16.68 17.2
Tame ooz 15.14 15.74
Taly 83l 15.71 15.71
Angost 072 1817 18.68
Septamber 018 016 13,59
October 289 1137 10.949
Iovember o2 415 1581
Cecembar 013 2513 1304
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Fip 1. Averape monthly sunshine duration (5D and solar irmadiation (SI‘ (0, semas) for Sebele, Bots-
wama (M, monthly averages series average; Jd, Fulian-davs avernges series).

smoecthing out the seasonal vanation. Hewever, the selar nradiation, which 15 mest
imtense from mid merning wntl mod aftemoon, dees mot lose its sinuseidal faature
zo mmch.

Table 2 gives the standard dewiations, AT, for the tofal series defined as:

1 Ill Moy |z
ﬂ-j'n:\rn = 12 EF__, \ a._‘_z j':nr. (1)
P T - o=

and for the monthly averages series, AM, given as:

Tabls 2
Standard deviation for the eight data series of sunshine duration and solar irmadiation
Series Sunshine duration (h per day) Solar fmadiation (MI/m?* per day)
Monshly (%) series  Tuliam-days () Monthly () seres  Tulian-days ()
series 5eTies
Total series, I, 083 2,58 21 385
Monthly averages 035 0.75 33l 14

semies, Af;
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With the exception of the solar imadiation “M,, seriss, all other “Tulian-days" series
have conmiderably larger standard deviation compared with the correspondmg
“meonthly” series. Thus the “Tulian-days"™ series dizplay a greater degree of fluctuation
{stochasticitv) as comparad with the comesponding “monthly™ senes. This faature 15
alzo confirmed from the present analvsis, and 15 disenssed m gzreater detail later.

3. The ARIMA model:

The zeneral non-zeasenal ARIMA modsl 15 autoragressrve to order p and moving-
average to order g, and operates on the Jth difference of 2, where {2} are time
sanies values for i = 1,2, .., N and N 15 the number of obsarvations. Defiming

BZ=2Z.,. V.=(-B) V/ =(1-FF (3

where d = 0, 1, 2, ..., B is the backward shift operator, 5 is the period of the seazon
(z = 12 for the present case) and V 13 the difference operator, the general non-
saasonal ARIMA medel can be witten as:

B (BIVZ, = 8 (Ba,, (4
where {a,} are residuzls, and

0(B) = 1—,B—,B— .. — ¢, 5"
and

8,(B) = 1—9,3—91.32—...—9.1,5‘:'

are polvnomials of order p and g, respectively. Whers an chzervation Z, of a parti-
cular month has some relation with the observation made in the same month of the

pravious year, Eq. (4) can be modified [3] to account for the seasonal depsndance.
This yields

P(BIVIZ, = BB, (5]
where {g,} are nommal random deviates, and

Ba(B7) = 1=, B —guB*— . —0.B™
and

BB = 1—8,B'—6,8%— -8 8%

are the seasonal autoregressive and moving-average operators of order P and O,
respectively. As & is not necessarily independsnt of 6, j = 1,2, ..., we propose
the following relation for the e values:

8, (B)VW e, = 6 (B)a, (6)
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Combining Eqs. (5) and (6) gives the zensral multiplicatve seazonal ARIMA model
of the ordar {p, d, g) = (P, D, &) of the form:

DB (BIVIVZ, = B,(B08 (Bla. o

4. Objectives

The cbjectrves of this paper are: (1} to 1dentify the crder ip, d, g} for a2 non-sea-
sonal medel, o1 the order (p, d, g) = (P, I, O for 2 seasonal model, that provides a
parsimomons reprasentation for both the total senes under consideration and the
stochastic componsnt e (2) to determine the proportions of the vanance of the total
saries for the sunshine duration and the selar radiation data explained by the periodic
and stochaste component; and (3) to defermume the persistence pattern (1f anv) of
the stochastic component.

£, Analyzis and results
1.1, Harmenic analyziz and the peviodic componeniz

Lat ¥, denote the diserete values of an chserved meatsorclogical ime seriss (aither
sunshime duration or solar imadiation of sither of the two sequences, namsly the
monthly and the Julian-days series) with r and o representing the rth interval of the
oth vear, with + = 1,2, .., 12 and & = 1.2, ..., N. In view of the fact that the solar
phenomena are cyvelic and stochastic in nature, we can decompose if into a periodic
component, M, and a2 stochastic component, e, as:

For =M + e, (8

where i = 1.2, m and m { = 12N} 15 the number of obssrvations. The penodic,
deterministic component 15 reflectad m the monthly mean values, r = 1 for Jamuary
and r = 12 for December, and the stochastic component g, 15 with mean zero and
variance . The periodic component mav be expressed as:

&
M, =4y + 3 [4,cos(Rjt/6) + B, sinfjt/6)], ©)

i=1
where the harmonie coefficients 4, and B, are given by:

1 B 1B (i 182 (it
==V M, 4= Meos|Z| B == M, sin| 2| 10
13 W T s T s) & EE‘I ein %) {10

Ay

Table 3 gives the significance and vanance of vanous harmemcs of ™F,, "M,
1¥y, and /A, series of sunshine duration. Somilar data for solar tradiation are dis-
plaved in Table 4.



Tanble 3

Sigrificance and varance explaived by varous harmenics of the sunshine duration series

Hamonics Sigpificance (%a) Vaniance (%)

Moathly saries Tulian-days series Monthly series Tulian-days serias

=¥, series =14, semies g, sEMES T, S0IIEE A, saries ¥z, seming M, semes
First 122 00 - 142 47.0 - 440
Zezond - 152 - - 143 - 50
Third - 128 - - 17.7 - 71
Fourth - o3 - - on - 181
Fifth - 13 - - 1.1 - 151
Simth 33 - - 48 - 0.8
Other - - 3.5(31st) - - 3.1¢31st) -
Sinchastic 857 - 044 858 g 42 78
Tomal 100 100 100 100 100 100 100

B L e B e

=T (T



Tablz 4
Significarce and verapce explaived by varous harmenics of the solar imadiation seres
Hamonics Sigpificance (%a) Variance (%)

Moathly saries Tulian-days series Monthly series Tulian-days serias

=¥, series =14, semies g, sEMES JA, series T, S0IIEE A, saries ¥z, seming M, semes
First - 296 - a1l - a0 - 854
Zezond - 03 - 03 - 0.3 - 05
Third - o1 - 03 - 0z - 02
Fourth - 035 - 41 - 03 - in
Fifth - 02 - 10 - 0.l - 18
Simth - 03 - 0l - 0.3 - 0.2
Other 82.3 (17th) - 33.4 (17T - 39.8 (17ik) - 4.3 (17ik) -
Sinchastic 17.7 - 46.6 - 602 - 257 -
Tomal 100 100 100 0 100 100 100 100

B L e B e

=T (T
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Subjecting the monthly averages and total series to harmonie analysis raveals that:
(1} for the monthly averages zeries of sunshine duration, the first hammenic 1z the
mest significant as it explains about 4£3% of the varlance of both the M, saries; (2)
for the total sunshine duration serias, the e, component explams zbout 86% of the
variance of the ™Y, seres and about 95% of the vanance of the /T, senes; (3) for
the monthly averages ssnies of solar imadiation, only the first harmomic 15 sigmificant
as 1t explams about 91% of the vanance of the ™M, series and about 85% of the
/M, series; and (4) for the total selar imadiation series the 17th harmense 15 the mest
sipmificant, as it explains about 40%% of the variancs of the "Fo, senes and 74% of
the variance of the /T, , sentes. From thes, it i evident that the ¢, component explains
about 60% of the vanance of the ™F,, senes, and only 26% of the vanance of the
¥, series of solar nradiation.

3.2 Stochastic componeniz

The &, sequences may now be caleulated from Egs. (B)-{10). Subjecting the e
saquences to autocorrelation analysis shows the following. (1) For both the I, series
of sumshine duration, stationarity 13 achieved for 4 = 0 and I = 0. For these para-
meters the awtocorrelation functions mumue the autoregressive behavier. Thiz 1z
finther confirmed by the partial autocorrelatons comesponding to = 0 and D =
0 (Fig. 23 (2) For both the I, senes of solar wradiation, stationanty 15 achieved
for d =2 and D = 0. The autocomslation fumctions mime the autoregresszive
behavior. This 15 confinmed by the partizl autocomelation functions, which display

0.8 — — -

0.6 — — — -

0.4

0.2

Auto and Partial Correlations

|_+ AnstoiM]} -~ PariialiM} —— Asiofdd) —=— Partial]d) |

Fig 2. Auto and partal comelations for the & sequences for tofal sumshine durtion sexes =T, and
¥y, (M, menthly serves; Jd, Fulian-days semes).
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the behavior of a2 moving-averags process. (3) The partial and autocomslations for
solar nradiation dizplay a similar pattern as for sunshine duration shown m Fig. 2.
(4) Comparad with 93% confidence limits, faw of the partial autocomslations are
significant for both sunshine duration (Fig. 2) and selar nradiation. (3) The analy=is
suggests that &, sequences follow the autoregressive process of order 2 for the
"I, series of both sunshine duration and solar tradiation. (6) The comresponding
&, sequences of the /T, senes for both sunshine duration (Fig. 2} and selar iradiation
display the charactenistics of pure white noize. Thus, for the ™F., series, we chiaim:

g, = (0,8 + 0.B%e, + 2, (for sumshine duration)
(@B + .85V, + a, (for selar nradiation)

whereas g, = a, for the /T, series of both sunshine duration and selar iradiation.
The values of &, may be determined from [3]:

(11

Berry = B Prripfee—n G =12, . k), (17
&
Frey ™ Z ﬁ'}:.;rku—_,-
_ f=1
Prrrgy = 7 )
1= 3 0
F=1
where . j = 1, 2, ..., K, are the autocorrelations. The values of ¢, are given in Table

5. The autoregressive parameters ¢y, and dy, for the monthly sunshine duration aver-
ages indicate fairly uniform vanability and dependence of the stechastic componant.
However, for monthly solar fradiation averages there 15 higher dependence on the
first stochastic component (dy,). This means that the month-to-menth effects are more
important than dependence on past events (le. two meonths ago). For Julian-day
averages the g sequences are foumd to be stochastic with no memeory at all on pre-
Vious events.

Subjecting the &, sequences for both menthly sunshine duration and solar
wradiation series to autocorrelation amalysiz shows: (1) that the sequences are nor-
mally distbuted; (2) compared with 95% confidence limits all autocorrelations of
the g, sequences are insigmificant, as shown mm Fig. 3 for the 2, saquences comrespond-
ing to sunshme duration; and (3} the AR{2) model for sunshine duration and solar
wradiation [Eq. (11)] pass the portmantean statistics test with the portmantean stas-
istics computed using the first 25 wvalues of the auwtocorrelations. Hence, the a,
saquences can be considered to be mdistimgmshable from a white noisa sequence.
Oun thiz basis, it 1= concluded that Eq. (11} can be considered to be a valid represan-
tation for stochastic components ¢, for both the total seres analvzed.

6. Conclusion: and dizcussion

It haz been shown that the stochastic compeonents play a major role as the varance
of both the ™Y, and the /T, seres for sunshme duration, and the ™, senes for
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Fig 3. Autocomelatton functons of the white noise (residues) for the tofal sumshine duration semes
=¥, and /I, , (v, moathly series; Jd, Tabac-days series).

zolar irradiation, are explamed by thiz component. The values of the autoregrassive
parametars, iy, for both sunshine duration and selar fradiation zive a measure of
persistence of the stochastic process. It mdicates, for the monthly sunshine duration
(™ ¥, series), fairly uniform dependence on the previous two menths and for monthly
solar nradiatien (™1, sertes) strong dependence only on the previeus month. Both
the Julian-days senes ('F,,) of sunshine duration and solar frradiation indicate that
the sequence ¢, Iz pursly random without any memery. Thiz result is not surprizmg
since even during a month when there are plenty of sunshme days, the Julian day
could be cloudy, partly cloudy or clear. This vanability in Falian days i3 not smoothed
for the menth even if one tock the average of Julian-days data over many vears of
observations (in the present study, 23 vears m the case of sunshine duration and 17
yvears for solar irradiation), whersas the monthly averages for both sunshine duration
and solar nradiation are farrly zood representatives of the monthly average daily
mezsure of these parameters from vear to year. Thus Julian day 15 usefiul only where
one needs to represent the monthly average quantities such as extraterrestrial solar
irradiation, day length ete. that are not influenced by amesphenie effacts. This obsar-
vation 13 supported by the fact (Table 4) that, for solar imadiation, the varance of
the /T, , senes 15 determimistic as 1t 15 explained maimly by the 17th harmenc whereas
the stochastic component 15 pure white noise. Thus we conclude that Tulian-dayvs
averages may not be used to reprasent the measwred meonthly averages of tervastrial
sunshine duration and solar fradiaton sven if such averaping 13 camed over a
reazonably long peniod. Furthenmore, the conclusion that the stochasfic components
of the monthly sertes (™F, ) for both sumshine duration and seolar radiation have a
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memery of two meonths 15 in agresment with the traditional knowledze for this region,
where the =olar condittons dvring sumumer and winter months tend to be umiform
over consecutrve menths. This can be used to simulate solar conditions with a l=ad
time of two menths, Such mmformation 15 vital in climatie conditions such as Bots-
wanza's, whers droughts are frequent and crop failure: are commeon. Fuorthermors,
the persistance pattern of selar radiation can be exploited to cptimize the sizing of
solar thermal and photovoltale systems so that one mav draw maxmmum bensfits
from the devices without having to oversize. Thus, we beheve that this stady sheds
light on the charactenistics of selar radiation and may help planners mn agneculhue
and related mdustries in ther planmng.
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